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Abstract. In this article, we introduce a systematic and uniform construction of non-
singular plane curves of odd degrees n ≥ 5 which violate the local-global principle. Our
construction works unconditionally for n divisible by p2 for some odd prime number
p. Moreover, our construction also works for n divisible by some p ≥ 5 which satisfies
a conjecture on p-adic properties of the fundamental units of Q(p1/3) and Q((2p)1/3).
This conjecture is a natural cubic analogue of the classical Ankeny-Artin-Chowla-Mordell
conjecture for Q(p1/2) and easily verified numerically.
1. Introduction
In the theory of Diophantine equations, the local-global principle for quadratic forms
established by Minkowski and Hasse is one of the major culminations (cf. [31, Theorem 8,
Ch. IV]).
In contrast, there exist many homogeneous forms of higher degrees which violate the
local-global principle (i.e., counterexamples to the local-global principle). For example,
Selmer [30] found that a non-singular plane cubic curve defined by
(1) 3X3 + 4Y 3 = 5Z3
has rational points over R and Qp for every prime number p but not over Q. From eq. (1),
we can easily construct reducible (especially singular) counterexamples of higher degrees.
After that, Fujiwara [13] found that a non-singular plane quintic curve defined by
(2) (X3 + 5Z3)(X2 +XY + Y 2) = 17Z5
violates the local-global principle. More recently, Cohen [9, Corollary 6.4.11] gave several
counterexamples of the form xp + byp + czp = 0 of degree p = 3, 5, 7, 11 with b, c ∈ Z, and
Nguyen [23, 24] gave recipes for counterexamples of even degrees and more complicated
forms.
In [27], Poonen and Voloch made a qualitative conjecture on an old folklore that most
hypersurfaces of degree n ≥ d + 3 in the projective space Pd+1 violate the local-global
principle. Probably based on this folklore and the Poonen-Voloch conjecture, there are
many works for the existence and the proportion of counterexamples in certain classes
[4, 5, 7, 8, 12, 15, 27]. Among them, Dietmann and Marmon [12, Theorem 2] proved that,
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under the abc conjecture [21], among non-singular plane curves of degree k
AXk +BY k = CZk (A,B,C ∈ Z \ {0})
with rational points over R and Qp for every prime number p, 100% of them violate the
local-global principle for every k ∈ Z≥6. However, the argument in [12, Theorem 2] cannot
give any specific (conjectural) counterexamples because the abc conjecture is ineffective
to estimate the candidates of A,B,C. It may be surprising that there seems to be no
other concrete counterexamples to the local-global principle for non-singular plane curves
of odd degrees ≥ 5 than [9,13,14].
In this article, we exhibit how to construct such counterexamples of various odd degrees
in a systematic and uniform manner. The following Theorem 1.1 is the main theorem of
this article. We should emphasise that although it is unclear from the statement, in the
proof, we shall exhibit how to generate parameters in the following equations, i.e., we can
generate as many as we want explicit counterexamples like eqs. (1) and (2).
Theorem 1.1. Let p be an odd prime number. Set P = 2p or p so that P 6≡ ±1 mod 9.
Let  = α+ βp1/3 + γp2/3 ∈ R>1 be the fundamental unit of Q(P 1/3) with α, β, γ ∈ Z. Set
ι =
{
1 if β 6≡ 0 (mod p) or β ≡ γ ≡ 0 (mod p)
2 if β ≡ 0 (mod p) and γ 6≡ 0 (mod p) .
Let n ∈ Z≥5 be an odd integer divisible by pι. Then, there exist infinitely many (n− 3)/2-
tuples of pairs of integers (bj , cj) (1 ≤ j ≤ (n− 3)/2) satisfying the following condition:
There exist infinitely many L ∈ Z such that the equation
(3) (X3 + P ιY 3)
n−3
2∏
j=1
(b2jX
2 + bjcjXY + c
2
jY
2) = LZn
define non-singular plane curves of degree n which violate the local-global principle.
Moreover, for each n ≥ 5 divisible by pι, there exists a set of such (n − 3)/2-tuples
((bj , cj))1≤j≤(n−3)/2 which gives infinitely many geometrically non-isomorphic classes of
such curves of degree n.
In particular, if β 6≡ 0 (mod p) for a prime number p, then we can generate an infinite
family of explicit counterexamples for every odd degree n ≡ 0 (mod p). The authors
conjecture that this hypothesis is always true whenever p 6= 3: 1
Conjecture 1.2. Let p 6= 3 be a prime number, P = p or 2p, and  = (α + βp1/3 +
γp2/3)/3 ∈ R>1 be the fundamental unit of Q(P 1/3) with α, β, γ ∈ Z. Then, we have β 6≡ 0
(mod p).
In fact, Conjecture 1.2 is a natural cubic field analogue of the following more classical
conjecture for the real quadratic field Q(p1/2), 2 whose origin goes back to Ankeny-Artin-
Chowla [1] for p ≡ 1 (mod 4) and Mordell [22] for p ≡ 3 (mod 4) respectively:
Conjecture 1.3. Let p 6= 2 be a prime number, and  = (α + βp1/2)/2 ∈ R>1 be the
fundamental unit of Q(p1/2) with α, β ∈ Z. Then, we have β 6≡ 0 (mod p).
A key ingredient of our construction is the following theorem on the distribution of
prime numbers represented by binary cubic polynomials:
1 Note that Conjecture 1.2 holds if and only if Q(P 1/3) has a unit α0+β0P 1/3+γ0P 2/3 with α0, β0, γ0 ∈
(1/3)Z such that β0 6≡ 0 (mod p). The authors verified Conjecture 1.2 for all p < 105 by Magma [6]. For
the detail, see Appendix B.
2 For numerical verification of Conjecture 1.3, see e.g. [33,34].
2
Theorem 1.4 ([16, Theorem 1]). Let f0 ∈ Z[X,Y ] be an irreducible binary cubic form,
ρ ∈ Z, (γ1, γ2) ∈ Z⊕2, and γ0 be the greatest common divisor of the coefficients of f0(ρx+
γ1, ρy+ γ2). Set f(x, y) := γ
−1
0 f0(ρx+ γ1, ρy+ γ2). Suppose that gcd(f(Z⊕2)) = 1. Then,
the set f(Z⊕2) contains infinitely many prime numbers.
In §2, we give a recipe which exhibits how to construct counterexamples to the local-
global principle as in eq. (3) from certain Fermat type equations x3 + P ιy3 = Lzn and
prime numbers of the form P ιb3 + c3. Thanks to Theorem 1.4, both of the above Fermat
type equations x3 +P ιy3 = Lzn and prime numbers of the form P ιb3 + c3 are generated in
completely explicit manners in §3 and §4 respectively. In §4, the proof of Theorem 1.1 is
given by combining these arithmetic objects with a geometric argument (Lemma 4.1) on
the non-isomorphy of complex algebraic curves defined by eq. (3). It should be emphasized
that the infinitude in Theorem 1.1 is a striking advantage of our construction based on
analytic number theory and complex algebraic geometry, which is contrast to those based
on algebraic and computational tools in e.g. [9, 13, 14]. In §5, we demonstrate how our
construction works for each given degree by exhibiting concrete examples of degree 7, 9, 11.
In Appendix, we explain how we can verify Conjecture 1.2 numerically for each given prime
number p by Magma [6].
It is fair to say that thanks to Theorem 1.4 (and Lemma 3.4), which is one of the culmi-
nations of highly sophisticated modern analytic number theory, our proof of Theorem 1.1
is relatively elementary and almost covered by a standard first course of algebraic number
theory (as in e.g. [9, Part I], [17, Ch. I – Ch. V], [20, Ch. I – Ch. V], and [28]). Moreover,
after we admit Theorem 1.1, it is quite easy to generate as many as we want explicit
counterexamples like eqs. (1) and (2).
We would like to conclude this introduction with a comment on the style of our proof.
Each step of our proof (e.g. Lemmas 2.2 and 2.3 and Theorem 3.1) can be easily refined
to more powerful forms. 3 However, in order to state and prove them in full generality,
we need the several times as much as the present volume. In order to keep this paper
as readable as possible, we state each proposition in a restricted form that is sufficient to
prove Theorem 1.1 with complete description of how to generate parameters in eq. (3).
2. Construction from prime numbers and Fermat type equations
Let p be an odd prime number, P = p or 2p, and ι = 1 or 2. Here, we can take P
and ι independently of p. In this section, we prove the following proposition, which gives
explicit counterexamples to the local-global principle of degree n under the assumption
that we have
• sufficiently many prime numbers of the form P ιb3 + c3 with b, c ∈ Z and
• integers L such that the equation x3 + P ιy3 = Lzn has a specific property.
In what follows, for each prime number l, vl(n) denotes the additive l-adic valuation of
n ∈ Z normalized so that vl(l) = 1.
Proposition 2.1. Let n ∈ Z≥5 be an odd integer, p be a prime number, P = p or 2p,
ι = 1 or 2, and b1, . . . , bn−3
2
, c1, . . . , cn−3
2
, L ∈ Z satisfying the following conditions:
(1) P ιb3j + c
3
j ≡ 2 (mod 3) is a prime number prime to P for every j.
(2) L =
∏
l≡2 (mod 3) l
vl(L) with vl(L) < n.
(3) gcd(L, bjcj) = 1 for every j.
3 For example, if we make effort for 3-adic and p-adic solubility in the proof of Lemma 2.2, then we can
relax the conditions on the coefficients and generalize our construction so that it includes the constructions
of [13, 14]. Moreover, the use of Theorem 1.4 in the proof of Theorem 3.1 is not essential. In fact, we can
prove that a positive proportion of prime numbers l can be used to generate the equations in Theorem 3.1
by using class field theory (cf. [19,32]).
3
(4) If P ≡ 0 (mod 2), then L ≡∏j b2j ≡ 1 (mod 2)
(5) If P 6≡ ±1 (mod 9), then L ≡∏j b2j 6≡ 0 (mod 3) and ∑j b−1j cj 6≡ 0 (mod 3).
(6) If p ≡ 2 (mod 3), then L ≡∏j b2j 6≡ 0 (mod p) and ∑j b−1j cj 6≡ 0 (mod p).
(7) For every primitive triple (x, y, z) ∈ Z⊕3 4 satisfying x3 +P ιy3 = Lzn, there exists
a prime divisor l of L such that x ≡ y ≡ 0 (mod l).
Then, the equation
(X3 + P ιY 3)
n−3
2∏
j=1
(b2jX
2 + bjcjXY + c
2
jY
2) = LZn
violates the local-global principle.
This is a consequence of the following two lemmas.
Lemma 2.2 (local solubility). Let n ∈ Z≥5 be an odd integer, p be a prime number,
P = p or 2p, ι = 1 or 2, and b1, . . . , bn−3
2
, c1, . . . , cn−3
2
, L ∈ Z satisfying the following
conditions:
(1) If P ≡ 0 (mod 2), then L ≡∏j b2j ≡ 1 (mod 2)
(2) If P 6≡ ±1 (mod 9), L ≡∏j b2j 6≡ 0 (mod 3) and ∑j b−1j cj 6≡ 0 (mod 3).
(3) If p ≡ 2 (mod 3), L ≡∏j b2j 6≡ 0 (mod p) and ∑j b−1j cj 6≡ 0 (mod p).
Then, the equation
F (X,Y, Z) := (X3 + P ιY 3)
n−3
2∏
j=1
(b2jX
2 + bjcjXY + c
2
jY
2)− LZn = 0
has non-trivial solutions over R and Ql for every prime number l.
Proof. We prove this statement along Fujiwara’s argument in [13]: We may assume that
b1, c1 6= 0 because if bj = cj = 0 for every j, there is nothing to prove. Since ι = 1 or 2, the
minimal splitting field of (X3 + P ιY 3)(b21X
2 + b1c1XY + c
2
1Y
2) is a Galois extension over
Q whose Galois group is isomorphic to the symmetric group of degree 3. In particular,
the residual degree at every prime number is 1, 2, or 3. Moreover, since this extension is
unramified outside 2, 3, and p (and∞), the polynomial (X3+P ιY 3)(b21X2+b1c1XY+c21Y 2)
has a linear factor over Ql for every prime number l 6= 2, 3, p. Therefore, the assertion
follows if one notes the following facts:
(1) X3 + P ιY 3 is decomposed in R[X,Y ].
(2) If P ≡ 1 (mod 2), then X3 + P ιZ3 is decomposed in Z2[X,Y ]. On the other
hand, if P ≡ 0 (mod 2), then since F (1, 0, 1) ≡ ∏j b2j − L ≡ 0 (mod 2), and
(∂F/∂Z)(1, 0, 1) = nL 6≡ 0 (mod 2), we obtain a 2-adic lift of mod 2 solution
(1, 0, 1) by Hensel’s lemma.
(3) If P ≡ ±1 (mod 9), then X3 + P ιZ3 is decomposed in Z3[X,Y ]. On the other
hand, if P 6≡ ±1 (mod 9), then since F (1, 0, 1) ≡ ∏j b2j − L ≡ 0 (mod 3), and
(∂F/∂Y )(1, 0, 1) ≡ (∏j b2j ) · (∑j b−1j cj) 6≡ 0 (mod 3), we obtain a 3-adic lift of
mod 3 solution (1, 0, 1) by Hensel’s lemma.
(4) If p ≡ 1 (mod 3), then b2jX2 + bjcjXY + c2jY 2 is decomposed in Zp[X,Y ]. On
the other hand, if p ≡ 2 (mod 3), then since F (1, 0, 1) ≡ ∏j b2j − L ≡ 0 (mod p)
and (∂F/∂Y )(1, 0, 1) ≡ (∏j b2j ) · (∑j b−1j cj) 6≡ 0 (mod p), we obtain a p-adic lift
of mod p solution (1, 0, 1) by Hensel’s lemma.
This completes the proof. 
4 In this article, we say that a triple (x, y, z) ∈ Z⊕3 is primitive if gcd(x, y, z) = 1.
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Lemma 2.3 (global unsolubility). Let n ∈ Z≥3 be an odd integer, a, b1, ..., bn−3
2
, c1, ..., cn−3
2
, L ∈
Z such that
(1) ab3j + c
3
j ≡ 2 (mod 3) is a prime number prime to a for every j,
(2) L =
∏
l≡2 (mod 3) l
vl(L) with vl(L) < n,
(3) gcd(L, bjcj) = 1 for every j, and
(4) for every primitive triple (x, y, z) ∈ Z⊕3 5 satisfying x3 + ay3 = Lzn, there exists
a prime divisor l of L such that x ≡ y ≡ 0 (mod l).
Then, there is no triple (X,Y, Z) ∈ Z⊕3 \ {(0, 0, 0)} satisfying
(4) (X3 + aY 3)
n−3
2∏
j=1
(b2jX
2 + bjcjXY + c
2
jY
2) = LZn.
Proof. We prove the assertion by contradiction. Let (X,Y, Z) ∈ Z⊕3 be a triple satisfying
eq. (4). We may assume that it is primitive. It is sufficient to deduce that
(5) gcd((X3 + aY 3)L, b2jX
2 + bjcjXY + c
2
jY
2) = 1 for every j.
Indeed, if eq. (5) holds, we have some divisor z of Z satisfying X3 + aY 3 = Lzn. Hence,
the fourth assumption implies that X ≡ Y ≡ 0 (mod l) for some prime divisor l of L.
However, since vl(L) < n, we have Z ≡ 0 (mod l), which contradicts gcd(X,Y, Z) = 1. In
what follows, we deduce eq. (5).
First, suppose that a prime divisor q of X3 + aY 3 divides b2jX
2 + bjcjXY + c
2
jY
2 for
some j. Then, q also divides
b3j (X
3 + aY 3)− (bjX − cjY )(b2jX2 + bjcjXY + c2jY 2) = (ab3j + c3j )Y 3.
Since gcd(X,Y, Z) = 1 and vq(L) < n, we see that Y 6≡ 0 (mod q). Hence, by the
first assumption, we have q = ab3j + c
3
j ≡ 2 (mod 3). In particular, the polynomial
b2jT
2 + bjcjT + c
2
j is irreducible in Zq[T ]. Since b2jX2 + bjcjXY + c2jY 2 ≡ 0 (mod q) and
Y 6≡ 0 (mod q), we have cj ≡ 0 (mod q). However, q = ab3j + c3j implies that a must be
divisible by q, a contradiction.
Secondly, suppose that a prime divisor l ≡ 2 (mod 3) of L divides b2jX2+bjcjXY +c2jY 2
for some j. Then, since T 2+T +1 is irreducible in Fl[T ], we have bjX ≡ cjY ≡ 0 (mod l).
On the other hand, since gcd(X,Y, Z) = 1 and vl(L) < n, we see that X 6≡ 0 (mod l) or
Y 6≡ 0 (mod l). However, if X 6≡ 0 (mod l) (resp. Y 6≡ 0 (mod l)), then bj ≡ 0 (mod l)
(resp. cj ≡ 0 (mod l)), which contradicts that gcd(L, bjcj) = 1.
This completes the proof. 
3. Fermat type equations of the form X3 + pιY 3 = LZn
In this section, we take an odd prime number p and set P = 2p or p so that P 6≡
±1 mod 9. We fix them through the whole of this section. Let pi = P 1/3 ∈ R be the real
cubic root of P , K = Q(pi) ⊂ R, and OK denotes the ring of integers in K. Here, note
that since P 6≡ ±1 (mod 9), we see that OK = Z[pi]. Let  = α + βpi + γpi2 > 1 be the
fundamental unit of K with α, β, γ ∈ Z, and p = pp be the unique prime ideal of K above
p. Then, we see that p3 = pOK and pi is a uniformizer of the p-adic completion of OK .
Note that the Galois closure of K in C is K(ζ3), where ζ3 ∈ C is a fixed primitive cubic
root of unity. For basic properties of these objects, see [2, 11] and their references.
Set
ι =
{
1 if β 6≡ 0 (mod p) or β ≡ γ ≡ 0 (mod p)
2 if β ≡ 0 (mod p) and γ 6≡ 0 (mod p) .
5 In this article, we say that a triple (x, y, z) ∈ Z⊕3 is primitive if gcd(x, y, z) = 1.
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For example, if P = 3 or 6, then we have (α, β, γ) = (4, 3, 2) or (109, 60, 33), hence
ι = 2 or 1 respectively. On the other hand, if Conjecture 1.2 holds for p ≥ 5, then we have
ι = 1 for P = p and 2p.
In this section, we prove the following theorem.
Theorem 3.1. Let p ≥ 3 be a prime number, and n ∈ Z≥5 divisible by pι. Then, there
exist infinitely many prime numbers l and an integer m ∈ {1, 2, ..., p− 1} such that
(1) l ≡ 2 (mod 3) and lm ≡ 1 (mod 3),
(2) lm ≡ 1 (mod p), and
(3) every primitive solution of x3 + P ιy3 = lmzn satisfies x ≡ y ≡ 0 (mod l).
In order to prove Theorem 3.1, we use Theorem 1.4. Suppose that p 6= 3. Let h(A,C) =
(3P ιA + 1)3 + P 2ι(3P ιC + 1)3. Then, since gcd(h(0, 0), h(1, 0), h(−1, 0)) = 1, we have
gcd(h(Z⊕2)) = 1. Therefore, Theorem 1.4 implies that there exist infinitely many prime
numbers l of the form
l = a3 + P 2ιc3 with (a, c) = (3P ιA+ 1, 3P ιC + 1) ∈ Z⊕2.
On the other hand, if p = 3, we can use h(A,C) = (PA−1)3 +P 2ι(PC+1)3. Thus, if one
notes that 2m ≡ 1 (mod 3) if and only if m is even, the proof of Theorem 3.1 is reduced
to prove the following proposition.
Proposition 3.2. Let p be an odd prime number and l ≡ 2 (mod 3) be a prime number
prime to P . Suppose that there exist a, b, c ∈ Z satisfying the following conditions:
(1) l = a3 + P ιb3 + P 2ιc3 − 3P ιabc.
(2) a ≡ ±1 (mod p), b ≡ 0 (mod p), and c 6≡ 0 (mod p).
(3) If p = 5, then additionally c 6≡ −a (mod 5).
(4) If P = 3, then additionally c ≡ −a (mod 3).
Then, there exists a positive even integer m < p such that every primitive solution of
x3 + P ιy3 = lmzp
ι
satisfies x ≡ y ≡ 0 (mod l).
First, we prove the following proposition as an intermediate step.
Proposition 3.3. Let p be a prime number, l be a prime number such that l is prime to
P and l ≡ 2 (mod 3), and m ∈ Z≥1. Assume that there exist a + bpiι + cpi2ι ∈ OK with
a, b, c ∈ Z satisfying the following conditions:
(1) l = a3 + b3P ι + c3P 2ι − 3abcP ι. 6
(2) If we define Ak, Bk, Ck ∈ Z by
Ak +Bkpi
ι + Ckpi
2ι = k(a+ bpiι + cpi2ι)m (k ∈ Z),
then we have Ck 6≡ 0 (mod p) for every k ∈ Z.
Then, for every n ∈ Z≥5 divisible by pι, every primitive solution of x3 + P ιy3 = lmzn
satisfies x ≡ y ≡ 0 (mod l).
We prove Proposition 3.3 along a classical idea as done in [13], where Fujiwara proved
the insolubility of x3 + 5y3 = 17z5. We use the following lemma, which is an immediate
consequence of [3, Corollarie 2], [10, Theorem 3], and [2, Corollary 4.2.1]. 7
6 Since l ≡ 2 (mod 3), OK has prime ideals pl and pl2 of norms of degree 1 and 2 respectively. Therefore,
the first condition holds (up to signature) if and only if pl is generated by a+ bpi + cpi
2.
7 Indeed, we may check Lemma 3.4 (1) for p ≤ 139 directly (e.g. by Magma [6]). If p > 139, then by
[3, Corollarie 2] and [10, Theorem 3], the class number of K is bounded by
1
4
p · 2 log p+ log 3
2 log p− 2 log 3 or
3
4
p · 2 log p+ 3 log 3
2 log p
according to p ≡ ±1 (mod 9) or not. For Lemma 3.4 (2), the similar argument works if p ≡ ±4 mod 4. If
p 6≡ ±4 mod 9, we use [2, Corollary 4.2.1] to deduce that the class number of K is divisible by 3 and the
quotient is strictly smaller than p by the above argument.
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Lemma 3.4. Let p be a prime number.
(1) The class number of K = Q(p1/3) is smaller than p.
(2) The class number of K = Q((2p)1/3) is prime to p.
Proof of Proposition 3.3. We prove the assertion by contradiction. Suppose that there
exists a primitive triple (x, y, z) ∈ Z⊕3 such that x3 + pιy3 = lmzn, and either x or y is
prime to l.
First, note that since either x or y is prime to l and gcd(l, P ) = 1, x2 − xypiι + y2pi2ι
cannot be divisible by l. Moreover, l ≡ 2 (mod 3) splits to the product of two prime ideals
pl and pl2 of degree 1 and 2 respectively. Suppose that x + ypi
ι is divisible by pl2 . Then,
the product of its conjugates (x+ ζ3ypi
ι)(x+ ζ23ypi
ι) = x2−xypiι+y2pi2ι is divisible by l, a
contradiction (cf. the following argument for q ≡ 2 (mod 3)). Therefore, x2−xypiι+y2pi2ι
is divisible by pml2 but not divisible by pl. Accordingly, x+ ypi
ι is divisible by pml but not
divisible by pl2 .
Next, suppose that x + ypiι is divisible by a prime ideal above a prime divisor q of z.
Then, note that if gcd(q, P ) = 1 and x+ ypiι or x2 − xypiι + y2pi2ι is divisible by q itself,
then we have x ≡ y ≡ 0 (mod q), which contradicts that (x, y, z) is primitive. On the
other hand, since P 6≡ ±1 (mod 9), the possible decomposition types of q in K are as
follows:
(1) (q) = pq,1pq,2pq,3, i.e., q ≡ 1 (mod 3) and P (mod q) ∈ F×3q
(2) (q) = pqpq2 , i.e., q ≡ 2 (mod 3) and P 6≡ 0 (mod q)
(3) (q) = p3q , i.e., P ≡ 0 (mod q) or q = 3.
In each case, we have the following conclusion:
(1) If x+ ypiι is divisible by distinct two prime ideals above q, say pq,1 and pq,2, then
x2 − xypiι + y2pi2ι is divisible by (pq,1pq,3) · (pq,2pq,3), hence by q, a contradiction.
Therefore, x + ypiι is divisible by p
nvq(z)
q,1 but not by pq,2 nor pq,3 if we replace
pq,1, pq,2, pq,3 to each other if necessary.
(2) In this case, q is decomposed in K(ζ3) so that pq = Pq2,1 and pq2 = Pq2,2Pq2,3.
If x + ypiι is divisible by pq2 , then x
2 − xypiι + y2pi2ι is divisible by (Pq2,1Pq2,2) ·
(Pq2,1Pq2,3), hence by q, a contradiction. Therefore, x+ ypi
ι is divisible by p
nvq(z)
q
but not by pq2 .
(3) In this case, since x3+pιy3 is divisible by p3nq , x+ypi
ι is divisible by q. This implies
that both x and y are divisible by q, which contradicts that (x, y, z) is primitive.
As a consequence, we see that there exists an integral ideal w of OK such that
(x+ ypiι) = pml w
n and (P,w) = 1.
Since the first assumption implies that pl is generated by a + bpi
ι + cpi2ι, wn is also a
principal ideal. Moreover, Lemma 3.4 implies that wn/p
ι
is also generated by a single
element w0 + w1pi + w2pi
2 ∈ OK with w0, w1, w2 ∈ Z. Therefore, there exists k ∈ Z such
that
x+ ypiι = k(a+ bpiι + cpi2ι)m(w0 + w1pi + w2pi
2)p
ι
≡ Akwn0 +Bkwn0piι + Ckwn0pi2ι (mod p2ι+1)
In particular, we have Ckw0 ≡ 0 (mod p). On the other hand, since (P,w) = 1, we
have w0 6≡ 0 (mod p). Therefore, Ck ≡ 0 (mod p) for some k, which contradicts the
assumption. This completes the proof. 
Now, we can prove Proposition 3.2. Let ρ(X,Y, Z) := Y2X − ZY ∈ Q(X,Y, Z) and
δ(X,Z) :=
{
ρ(α, β, γ)2 − 2 · ZX if β 6≡ 0 (mod p)
ρ(α, γ, βp )
2 − 2 · ZX if β ≡ 0 (mod p) and γ 6≡ 0 (mod p)
∈ Q(X,Z).
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Lemma 3.5. Let a, c ∈ Z. Let (Ak, Bk, Ck) ∈ Z⊕3 (k ∈ Z) such that
Ak +Bkpi
ι + Ckpi
2ι ≡ k(a+ cpi2ι) (mod pi3ι).
(1) Suppose that β 6≡ 0 (mod p), or β ≡ 0 (mod p) and γ 6≡ 0 (mod p). Then, Ck 6≡ 0
(mod p) for every k if and only if δ(a, c) is not a quadratic residue modulo p.
(2) Suppose that β ≡ γ ≡ 0 (mod p). Then, Ck 6≡ 0 (mod p) for every k if and only
if c 6≡ 0 (mod p).
Proof. First, by a simple induction on k ∈ Z, we have
k
αk
≡

1 + k · βαpi + k ·
(
k−1
2 · β
2
α2
+ γα
)
pi2 (mod pi3) if ι = 1
1 + k · γαpi2 + k ·
(
k−1
2 · γ
2
α2
+
β
p
α
)
pi4 (mod pi6) if ι = 2
for every k ∈ Z. This implies that
Ck
αk
≡

β2
2α2
ak2 −
(
β2
2α2
− γα
)
ak + c (mod p) if ι = 1
γ2
2α2
ak2 −
(
γ2
2α2
−
β
p
α
)
ak + c (mod p) if ι = 2
for every k ∈ Z. Therefore, Ck 6≡ 0 (mod p) for every k if and only if the above quadratic
polynomial of k has no zeros in Fp. This implies the assertion. 
Proof of Proposition 3.2. First, note that Lemma 3.5 shows that the assertion holds if
β ≡ γ ≡ 0 (mod p).
Suppose that β 6≡ 0 (mod p), or β ≡ 0 (mod p) and γ 6≡ 0 (mod p). For every m ∈ Z,
define (a(m), b(m), c(m)) ∈ Z⊕3 by
a(m) + b(m)piι + c(m)pi2ι = (a+ cpi2ι)m.
Then, by the assumption, we have (a, b, c) ≡ (±1 + pA, pB, c) (mod p2) with some A,B ∈
Z, hence (a(m), b(m), c(m)) ≡ ((±1)m, 0,±c) (mod p). Therefore, for every positive even
integer m < p, we have
δ(a(m), c(m)) ≡
{
ρ(α, β, γ)2 ∓ 2cm (mod p) if β 6≡ 0 (mod p)
ρ(α, γ, p−1β)2 ∓ 2cm (mod p) if β ≡ 0 (mod p) and γ 6≡ 0 (mod p) .
Suppose that β 6≡ 0 (mod p). Then, by taking into account of Proposition 3.3 and
Lemma 3.5, what we have to prove is that{
ρ(α, β, γ)2 − 4cm′ mod p
∣∣∣∣ 1 ≤ m′ ≤ p− 12
}
contains a quadratic non-residue. In particular, it is sufficient to prove that
B :=
{
− 1
4c
ρ(α, β, γ)2 +m′ mod p
∣∣∣∣ 1 ≤ m′ ≤ p− 12
}
contains both quadratic residues and non-residues, i.e.,∣∣∣∣∣∑
n∈B
(
n
p
)∣∣∣∣∣ < p− 32 ,
where (n/p) is the quadratic residue symbol. If p = 19, 23, 31 or p ≥ 37, then the above
inequality follows from an explicit version of the Po´lya-Vinogradov inequality, e.g. the
following one due to Pomerance [25]:∣∣∣∣∣∣
∑
M≤n≤N
(
n
p
)∣∣∣∣∣∣ ≤

(
2
pi2
log p+
4
pi2
log log p+
3
2
)
p1/2 if p ≡ 1 (mod 4)(
1
2pi
log p+
1
pi
log log p+ 1
)
p1/2 if p ≡ 3 (mod 4),
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For p = 11, 13, 17, 29, we can check that B contains both quadratic residues and non-
residues. In fact, we have the following table, which implies the desired inequality. Here,
note that (−n/p) ≡ (−1)(p−1)/2(n/p).
n 0 1 2 3 4 5 6 7 8 9 10(
n
11
)
0 1 −1 1 1 1 −1 −1 −1 1 −1
n 0 1 2 3 4 5 6 7 8 9 10 11 12(
n
13
)
0 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1
n 0 1 2 3 4 5 6 7 8 9 . . . 16(
n
17
)
0 1 1 −1 1 −1 −1 −1 1 1 . . . 1
n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 . . . 29(
n
29
)
0 1 −1 −1 1 1 1 1 −1 1 −1 −1 −1 1 −1 −1 . . . 1
If P = 7, then we have  = 4 + 2 · 71/3 + 72/3, so β 6≡ 0 (mod 7) and ρ(α, β, γ) ≡ 1
(mod 7). Therefore, we have δ(a(m), c(m)) ≡ 1 − 2acm (mod 7). Suppose that a ≡ 1
(mod 7). In this case, if c ≡ 1, 2, 3, 4, 5, 6 (mod 7), then we can take m = 6, 4, 2, 2, 4, 2
respectively. Suppose that a ≡ −1 (mod 7). In this case, if c ≡ 1, 2, 3, 4, 5, 6 (mod 7),
then we can take m = 2, 4, 2, 2, 4, 6 respectively according to the case of a ≡ 1 (mod 7).
If P = 14, then we have  = 1 + 2 · 71/3 − 72/3, so β 6≡ 0 (mod 7) and ρ(α, β, γ) ≡ 5
(mod 7). Therefore, we have δ(a(m), c(m)) ≡ 4 − 2acm (mod 7). Suppose that a ≡ 1
(mod 7). In this case, if c ≡ 1, 2, 3, 4, 5, 6 (mod 7), then we can take m = 4, 2, 2, 6, 2, 4
respectively. The case of a ≡ −1 (mod 7) is similar.
If P = 5, then we have  = 41 + 24 · 51/3 + 14 · 52/3, so β 6≡ 0 (mod 5) and ρ(α, β, γ) ≡ 1
(mod 5). Suppose that a ≡ 1 (mod 7). In this case, if c ≡ 1, 2, 3 (mod 5), then we can
take m = 2, 2, 4. (Note, however, that if c ≡ 4 (mod 5), then we cannot take even m.)
The case of a ≡ −1 (mod 5) is similar.
If P = 6, then since β ≡ γ ≡ 0 (mod 3) we obtain the conclusion. If P = 3, then by
assumption, we have a ≡ 2 (mod 3), hence (a(2), c(2)) ≡ (1, c) (mod 3). Since  = 2−32/3,
we have β = 0 and ρ(α, γ, 3−1β) ≡ 2 (mod 3). Therefore, we have
δ(a(2), c(2)) ≡ 1− 2c (mod 3),
which is quadratic non-residue if and only if c ≡ 1 (mod 3). The case of a ≡ −1 (mod 3)
is similar. This completes the proof in the case of β 6≡ 0 (mod p). The case where β ≡ 0
(mod p) and γ 6≡ 0 (mod p) is similar. 
4. Proof of the main theorem
Proof of Theorem 1.1. First, suppose that p 6= 3 and ι = 1. Let f(X,Y ) = P (3PX±1)3+
(3PY + 1)3 and g(X,Y ) = P (3PX ∓ 1)3 + (3PY + 3)3 according to P ≡ ±1 (mod 3).
8 Then, since gcd(f(0, 0), f(0, 1), f(0,−1)) = gcd(g(0, 0), g(0, 1), g(0,−1)) = 1, we have
gcd(f(x, y) | (x, y) ∈ Z⊕2) = gcd(g(x, y) | (x, y) ∈ Z⊕2) = 1. Therefore, by Theorem 1.4,
there exist infinitely many distinct prime numbers of the form q = f(B,C) or g(B,C) with
(B,C) ∈ Z⊕2 such that q ≡ 2 (mod 3). Among them, we can take distinct (n−3)/2 prime
numbers qj = f(Bj , Cj) or g(Bj , Cj) (1 ≤ j ≤ (n − 3)/2) so that gcd(3P,
∑
j b
−1
j cj) = 1,
where (bj , cj) := (3PBj + 1, 3PCj + 1) or (3PBj + 1, 3PCj + 3) according to whether
qj = f(Bj , Cj) or g(Bj , Cj). Note that if P ≡ 0 (mod 2), then the condition
∏
j bj ≡ 1
8 In fact, we can use more general polynomials to generate bj , cj with small absolute values. For example,
if P = p ≡ 1 mod 3, then we can use f(X,Y ) = P (3X+1)3+(3Y +1)3 and g(X,Y ) = P (3X−1)3+(3Y )3.
Here, we take f and g so that the proof of Theorem 1.1 gets simple.
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(mod 2) in Proposition 2.1 holds for arbitrary (n − 3)/2-tuple ((bj , cj))1≤j≤(n−3)/2 taken
as above.
For each (n−3)/2-tuple ((bj , cj))1≤j≤(n−3)/2 taken as above, by Theorem 3.1, there exist
infinitely many prime numbers l ≡ 2 (mod 3) and a positive even integer m < p such that
l > max{p, bj , cj | j = 1, 2, . . . , (n−3)/2} and every primitive solution of x3+P ιy3 = lmzn
satisfies x ≡ y ≡ 0 (mod l). Therefore, Proposition 2.1 implies that the equation
(X3 + P ιY 3)
n−3
2∏
j=1
(b2jX
2 + bjcjXY + c
2
jY
2) = lmZn
violates the local-global principle. The non-singularity follows from the fact that qj and
qk are distinct prime numbers, hence [bj : cj ] 6= [bk : ck] for any j 6= k. The infinitude of
the non-isomorphy classes follows from the following Lemma 4.1.
Next, suppose that p 6= 3 and ι = 2. Let f(X,Y ) = P 2(3PX + 1)3 + (3PY +
1)3 and g(X,Y ) = P 2(3PX − 1)3 + (3PY + 3)3. Then, since gcd(f(0, 0), f(0,±1)) =
gcd(g(0, 0), g(0,±1)) = 1, we have gcd(f(x, y) | (x, y) ∈ Z⊕2) = gcd(g(x, y) | (x, y) ∈
Z⊕2) = 1. The rest part is the same as the above argument.
Finally, suppose that p = 3. Then, we combine f±(X,Y ) = P ι(PX ± 1)3 + (PY − 1)3
to generate (bj , cj) so that we can apply Proposition 2.1 with a help of Theorem 3.1. This
completes the proof. 
Lemma 4.1. Let n ∈ Z≥5 be an odd integer, a ∈ Z \ {0}. Let P ⊂ Z⊕2 be an infinite
set of 2-dimensional integral vectors (b, c) such that [b : c] 6= [b′ : c′] as a rational point
of the projective line P1 for each distinct (b, c), (b′, c′) ∈ P . For each n−32 -tuple v =
(bj , cj)1≤j≤n−3
2
∈ P n−32 , let C(a,v) be the plane curve defined by
(X3 + aY 3)
n−3
2∏
j=1
(b2jX
2 + bjcjXY + c
2
jY
2) = Zn.
Then, the set
Ca,n :=
{
C(a,v)
∣∣∣ v ∈ P n−32 }
contains infinitely many non-singular curves non-isomorphic to each other over C.
Proof. Let C be a non-singular curve in Ca,n. Then, since its genus (n−2)(n−1)2 > 1, Schwarz’
theorem [29] ensures that the automorphism group Aut(C) of C is a finite group. 9 In
particular, the set
Quot(C) :=
{
(C/〈ϕ〉)nb
∣∣∣ ϕ ∈ Aut(C)}
contains finitely many n-punctured lines (i.e., P1 minus n points). Here, C/〈ϕ〉 denotes
the quotient of C by the cyclic group 〈ϕ〉 generated by ϕ, and (C/〈ϕ〉)nb denotes its non-
branched locus, i.e., the image of the points each of whose ϕ-orbit consists of exactly #〈ϕ〉
distinct points.
On the other hand, for each n−32 -tuple v = (bj , cj)1≤j≤n−32 ∈ P
n−3
2 , let L(a,v) be a
punctured line defined by
(X3 + aY 3)
n−3
2∏
i=1
(b2jX
2 + bjcjXY + c
2
jY
2) 6= 0.
Then, we can prove that the set consisting of them
L≤na :=
{
L(a,v)
∣∣∣ v ∈ P n−32 }
9 In fact, Hurwitz’ theorem [18] gives an explicit bound #Aut(C) ≤ 84(g − 1).
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contains infinitely many non-isomorphic n-punctured lines. Indeed, for each v ∈ P n−32 ,
there exist at most n(n − 1)(n − 2) tuples v′ ∈ P n−32 such that L(a,v′) is isomorphic
to L(a,v) because such an isomorphism is extended to an element of Aut(P1), which is
uniquely determined from the images of three points, say those satisfying X3 + aY 3 = 0.
As a consequence, we see that the set L≤na / 'C contains infinitely many isomorphism
classes of n-punctured lines over C.
Finally, note that we have a natural injection
L≤na / 'C ↪→
 ⋃
C∈Ca,n
Quot(C)
/ 'C
induced by L(a,v) 7→ (C(a,v)/〈ϕ〉)nb, where ϕ([X : Y : Z]) = [X : Y : ζnZ] with a fixed
primitive n-th root of unity ζn ∈ C. Therefore, Ca,n contains infinitely many isomorphism
classes of non-singular curves over C as claimed. 
5. Examples
In this section, we demonstrate that the proof of Theorem 1.1 actually gives explicit
counterexamples to the local-global principle of the form
(X3 + pιY 3)
n−3
2∏
j=1
(b2jX
2 + bjcjXY + c
2
jY
2) = LZn.
5.1. degree 7. First of all, since the fundamental unit of Q(71/3) is  = 4 + 2 · 71/3 + 72/3,
Conjecture 1.2 is verified for p = 7. Hence, we have ι = 1, and so we can actually take
n = 7 in Theorem 1.1.
In order to generate the coefficients (b1, c1; b2, c2), we can use the cubic polynomial
f(X,Y ) = 7(3X + 1)3 + (3Y + 1)3 in the proof of Theorem 1.1. Indeed, by Theorem 1.4,
the set f(Z⊕2) contains infinitely many prime numbers, for example,
71 = 7 · (3 · 0 + 1)3 + (3 · 1 + 1)3,
449 = 7 · (3 · 1 + 1)3 + (3 · 0 + 1)3,
503 = 7 · (3 · 11 + 1)3 + (3 · (−22) + 1)3,
... etc.
Among such (bj , cj) = (3X + 1, 3Y + 1), we can take, for example, (b1, c1) = (1, 4) and
(b2, c2) = (4, 1).
For each choice of the above coefficients, we can take L = lm with a prime number
l > max{p, b1, c1, b2, c2}(= 7) and an even integer m ∈ Z≥2 so that every primitive solution
of x3 + 7y3 = lmz7 satisfies x ≡ y ≡ 0 (mod l) (cf. condition (6) in Proposition 2.1). In
fact, as in the proof of Theorem 3.1, we can generate such l as integral values of another
cubic polynomial h(A,C) = (21A+ 1)3 + 49(21C + 1)3. For example,
262193 = (21 · 3 + 1)3 + 49(21 · 0 + 1)3,
452831 = (21 · (−2) + 1)3 + 49(21 · 1 + 1)3,
521753 = (21 · 0 + 1)3 + 49(21 · 1 + 1)3,
... etc.
Here, we take l = 262193 with (a, c) := (21A+ 1, 21C + 1) = (64, 1).
Finally, to generate the exponent m, we use Proposition 3.3 and Lemma 3.5. They
ensure that every primitive solution of x3 + 7y3 = 262193mz7 satisfies x ≡ y ≡ 0 (mod l)
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whenever δ(am,mc) ≡ δ(1,m) ≡ 4 − 2m (mod 7) is a non-quadratic residue. Thus, we
can take m = 4.
As a consequence, we obtain an explicit counterexample to the local-global principle:
(X3 + 7Y 3)(X2 + 4XY + 16Y 2)(16X2 + 4XY + Y 2) = 2621934Z7.
5.2. degree 9. In this case, we can take p = 3. First of all, since the fundamental unit of
Q(31/3) is  = 4 + 3 · 31/3 + 2 · 32/3, we have ι = 2. Our goal is to obtain the parameters
(b1, c1; b2, c2; b3, c3;L) so that the equation
(X3+7Y 3)(b21X
2+b1c1XY +c
2
1Y
2)(b22X
2+b2c2XY +c
2
2Y
2)(b23X
2+b3c3XY +c
2
3Y
2) = LZ9
defines a non-singular plane curve which violates the local-global principle.
In order to generate the coefficients (b1, c1; b2, c2; b3, c3), we can combine the cubic poly-
nomials f±(X,Y ) = 9(3X ± 1)3 + (3Y − 1)3 as in the proof of Theorem 1.1. Indeed, by
Theorem 1.4, the sets f±(Z⊕2) contain infinitely many prime numbers, for example,
17 = 9 · (3 · 0 + 1)3 + (3 · 1− 1)3,
53 = 9 · (3 · (−1) + 1)3 + (3 · 2− 1)3,
233 = 9 · (3 · 1 + 1)3 + (3 · (−2)− 1)3,
... etc
and
71 = 9 · (3 · 1− 1)3 + (3 · 0− 1)3,
197 = 9 · (3 · 1− 1)3 + (3 · 2− 1)3,
503 = 9 · (3 · 0− 1)3 + (3 · 3− 1)3,
... etc
respectively. Among such (bj , cj) = (3X±1, 3Y+1), we can take them so that
∑
j b
−1
j cj 6≡ 0
(mod 3) (cf. condition (4) in Proposition 2.1). For example, we can take (b1, c1) = (1, 2),
(b2, c2) = (−2, 5), and (b3, c3) = (2,−1) corresponding to 17, 53, 71 in the above lists
respectively.
For each choice of the above coefficients, we can take L = lm with a prime number
l > max{p, b1, c1, b2, c2, b3, c3}(= 5) and an even integer m ∈ Z≥2 so that every primitive
solution of x3 + 9y3 = lmz9 satisfies x ≡ y ≡ 0 (mod l) (cf. condition (6) in Proposi-
tion 2.1). In fact, as in the proof of Theorem 3.1, we can generate such l as integral values
of another cubic polynomial h(A,C) = (3A− 1)3 + 81(3C + 1)3. For example,
431 = (3 · 3− 1)3 + 81(3 · 0 + 1)3,
647 = (3 · 0− 1)3 + 81(3 · 1 + 1)3,
773 = (3 · 2− 1)3 + 81(3 · 1 + 1)3,
... etc.
Here, we take l = 431 with (a, c) := (3A− 1, 3C + 1) = (8, 1).
Finally, to generate the exponent m, we use Proposition 3.3 and Lemma 3.5. Indeed,
since δ(am,mc) ≡ δ((−1)m, 1) ≡ 1+(−1)m ≡ 2 mod 3 for every even m, we see that every
primitive solution of x3 + 9y3 = 431mz9 satisfies x ≡ y ≡ 0 (mod l) whenever m = 2.
As a consequence, we obtain an explicit counterexample to the local-global principle:
(X3 + 9Y 3)(X2 + 2XY + 4Y 2)(4X2 − 10XY + 25Y 2)(4X2 − 2XY + Y 2) = 4312Z9.
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5.3. degree 11. First of all, since the fundamental unit of Q(111/3) is  = 1 + 4 · 111/3 −
2 · 112/3, Conjecture 1.2 is verified for p = 11. Hence, we have ι = 1, and so we can
actually take n = 11. Our goal is to obtain the parameters (b1, c1; . . . ; b4, c4;L) so that
the equation
(X3 + 7Y 3)(b21X
2 + b1c1XY + c
2
1Y
2) · · · (b24X2 + b4c4XY + c24Y 2) = LZ11
defines a non-singular plane curve which violates the local-global principle.
In order to generate the coefficients (b1, c1; . . . ; b4, c4), we can combine the cubic poly-
nomials f(X,Y ) = 11(33X − 1)3 + (33Y + 1)3 and g(X,Y ) = 11(33X + 1)3 + (33Y + 3)3
as in the proof of Theorem 1.1. Indeed, by Theorem 1.4, the set f(Z⊕2) contain infinitely
many prime numbers, for example,
39293 = 11 · (33 · 0− 1)3 + (33 · 1 + 1)3,
1265903 = 11 · (33 · (−2)− 1)3 + (33 · 5 + 1)3,
3060179 = 11 · (33 · 2− 1)3 + (33 · 1 + 1)3,
... etc
and
182297 = 11 · (33 · 2 + 1)3 + (33 · (−1) + 3)3,
2099927 = 11 · (33 · (−1) + 1)3 + (33 · 4 + 3)3,
3281393 = 11 · (33 · 2 + 1)3 + (33 · (−1) + 3)3,
... etc
respectively. Among such (bj , cj) = (33X − 1, 33Y + 1), (22X + 1, 33Y + 3), we can take
them so that
∑
j b
−1
j cj 6≡ 0 (mod 3) and
∑
j b
−1
j cj 6≡ 0 (mod 11) (cf. conditions (4) and
(5) in Proposition 2.1). For example, we can take (b1, c1) = (−1, 1), (b2, c2) = (67,−63),
(b3, c3) = (−67, 166), and (b4, c4) = (−32, 135).
For each choice of the above coefficients, we can take L = lm with a prime number
l > max{p, b1, c1, . . . , b4, c4}(= 166) and an even integer m ∈ Z≥2 so that every primitive
solution of x3 + 11y3 = lmz11 satisfies x ≡ y ≡ 0 (mod l) (cf. condition (6) in Proposi-
tion 2.1). In fact, as in the proof of Theorem 3.1, we can generate such l as integral values
of another cubic polynomial h(A,C) = (33A+ 1)3 + 121(33C + 1)3. For example,
1000121 = (33 · 3 + 1)3 + 121(33 · 0 + 1)3,
2507693 = (33 · (−4) + 1)3 + 121(33 · 1 + 1)3,
4574417 = (33 · 5 + 1)3 + 121(33 · 0 + 1)3,
... etc.
Here, we take l = 1000121 with (a, c) := (33A+ 1, 33C + 1) = (100, 1).
Finally, to generate the exponent m, we use Proposition 3.3 and Lemma 3.5. They
ensure that every primitive solution of x3 + 11y3 = 1000121mz11 satisfies x ≡ y ≡ 0
(mod l) whenever δ(am,mc) ≡ δ(1,m) ≡ 8 − 2m (mod 11) is a non-quadratic residue.
Thus, we can take m = 6. As a consequence, we obtain an explicit counterexample to the
local-global principle:
(X3 + 11Y 3)(X2 −XY + Y 2)(672X2 − 67 · 63XY + 632Y 2)(672X2 − 67 · 166XY + 1662Y 2)
×(322X2 − 32 · 135XY + 1352Y 2) = 10001216Z11.
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Appendix : Numerical verification of Conjecture 1.2
It is easy to verify Conjecture 1.2 numerically for small prime numbers p. In fact, by
using Magma [6], we have verified this conjecture for both P = p and 2p in the range
p < 105. For example, the following program returns that there exist no counterexamples
of Conjecture 1.2 for P = p in the range p < 105. Here, recall that Conjecture 1.2 holds
for P = p if the order Z[p1/3] of Q(P 1/3) has a unit α + βp1/3 + γp2/3 with α, β, γ ∈ Z
such that β 6≡ 0 (mod p).
> Zx<x> := PolynomialRing(Integers ());
> for p in [1..10^5] do;
> if IsPrime(p) then
> O := EquationOrder(x^3-p); // create the order O := Z[p^{1/3}]
> U,phi := UnitGroup(O);
// U.1 := -1 and U.2 := another generator of the unit group of O;
> Fpy <y> := PolynomialRing(FiniteField(p));
> h := hom < O -> Fpy | y >;
// represent each element of O mod pO as a polynomial of y = p^{1/3}
> if Coefficient(h(phi(U.2)), 1) eq 0 then;
// if the coefficient of p^{1/3} for U.2 is 0 mod p, then
> <p, h(phi(U.2))>;
// return such a prime number p and the corresponding U.2
> end if;
> end if;
> end for;
<3, 2*y^2 + 2>
Note that the return p = 3 is the conjectural unique exception.
Moreover, the our numerical verification for both P = p and 2p in the range p < 105
implies that there exist non-singular plane curves of degree n which violate the local-global
principle for “most” odd integers n in the sense of natural density: Let N := Z≥1, and
Nodd be the set of positive odd integers. Set
P := {p : prime number} ,
BP :=
{
p ∈ P | p < 105} ,
M :=
{
n ∈ N | n 6≡ 0 (mod p) for all p ∈ BP and n 6≡ 0 (mod p2) for all p ∈ P} ,
N := N \ (M ∪ {1}),
Nodd := {n ∈ N | n is an odd integer},
Nodd := N ∩ Nodd,
then Theorem 1.1 and the above numerical verification of Conjecture 1.2 (with Poonen’s
construction [26] for n = 3) ensures that we can construct infinitely many explicit non-
singular plane curves of degree n which violates the local-global principle for each n ∈
Nodd. Moreover, if we denote the natural density of S ⊂ N by d(S) (if it exists), then we
have
d(M) =
∏
p∈BP
(1− p−1)×
∏
p∈P\BP
(1− p−2) =
∏
p∈BP
(1 + p−1)−1 × ζ(2)−1
< 0.0487529
and
d(Nodd) =
1
2
,
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hence
d(Nodd)
d(Nodd)
= 1− d(M)
d(Nodd)
> 0.90249
Therefore, at least 90% of odd integers lie in Nodd.
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